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Robust Control with Classical M ethods —
QFT

Per-Olof Gutman

* Review of the classical Bode-Nichols control problem

* QFT inthe basic Single Input Single Output (SISO) case

* Fundamental Design Limitations

* ldentification of Uncertain Transfer functions

* QFT for non-minimum phase and computer controlled systems

* QFT for cascaded systems, and for a class of non-linear plants

* QFT for Multi-Input Multi-Output (MIMO) plants

» A comparison between QFT and other robust and adaptive control
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QFT in the Multi-Input Multi-
Output (MIMO) case

» The2x2 servo problem » Thefirst design step

* Thestructure of G(s) - Servo bounds
. The.precompensitor - Horowitz-Sidi bounds
. E‘l‘:g’naéent SISO - Prefilter design
4 . * Thesecond design step
» Theequivalent plant _true SISO
/W,
ji * Example

» Servo specifications
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The 2x2 MIMO servo problem

e Closed loop block diagram of TITO servo system w/o distur bances

y [t
F, 0
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The2x2 MIMO servo problem, cont’'d

P, P Ty T
P:( i 12] T=£ " 12]=(I+PG)_1PGF
Py Py Ty T,

22
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The structure of G(s)

with the a priori user chosen
* Pre-compensator

Po11 Porz

PO -
» Let thefull matrix feedback P021 P022
compen(s?torG and theto-be-designed
G=[ " 12} » Diagonal compensator

G21 GZZ
be decomposed as L. =
. >lo L
G=P, L, 20

Qsyn —the toolbox for robust control systems design P-O Gutman
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The pre-compensator Py(s)

. |loP
Example: P(sj= P, &
invitesthe choice Pysi= 0 Pop

ds Py O

in order to make PP, diagonal.
* Use RGA or dynamic RGA for
Pot1 Porz Lo 0 paring
PO:[P o J Lo :[ § L J * V(9)=P(s)P,(s) = defacto plant
e 20 + Decentralized control
T(s)=|l +P(sP5Ys|L, silPsP* s|L{siF(s PO(S):I
X [ Ly O[JJ L il * Nominally decoupling control
+ Choice of Py(s) connected to Py(S) = P, (9)
input-output pairing

Qsyn —the toolbox for robust control systems design P-O Gutman
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Equivalent SISO systems

s ) w7

| +v[s]L({s]Tr S=V(slL{sF(s

V- 1[s]+L({s]]T
J

| (

{ S=LySFs
V(9=P(9P5(s) = defacto plant | [Wq(s+W,si+LysT[s=LysF(s

W

[
Tlsj={1 Vs O(S” VisLysF(s oS} Ll (=L (S WS

s] +W

[W“ ijd‘” -1 . gt L({SF W L(F(si-Wy(sT[s
W= =V =PP
Wy, W22 [ {' +W+ 1[5 LO(SJ dl[LO(S _W S]T[ ]J

Let W=W,+W,

Qsyn —the toolbox for robust control systems design P-O Gutman
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Equivalent SISO systems, cont’d

_ W « Horowitz: after thedesign,
TS +Wg 1£S'-o[SJ Wt LfsF(s-WysT(s| the specification would bge
satisfied. It would hold that

Lio Fi— Wiz To1 Llﬁz —%Tzz |Tk |<bk (a))
7. = Wi Wiy 7., = Wi Wi J J
" E 12 Erg * Hence, -W; Ty; isreplaced by
1+ 14+="0 I J
Wi Wi aworst case " disturbance’
Loy g Wop D;; = max|W,|b,;&?
T = Way W
21— L
1JrWZO WJKTRJI
22
1 T.
Lo W1 ! FJ}' L, 1/‘”11‘ :
F22 - T12 l
T Wy -
22 — L
1+ 20
W22
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The equivalent plant YW,

V(8)=P(s)P5*(s)

W. W, \ def
W:[ 1 12]=V41:P0P
Wy Wo
Ww=w,+W,
AR
Wy = ) W, =
0 Wy W21

Qsyn —the toolbox for robust control systems design

-1

w,
0

2

|

+ Example: V=PP, diagonal.
W=V-1=diag(1/V,, , UV,,)
= W =V

» Decentralized control Py(s) =1

P|§2
T2

1

PP —-P P
11 22 12 21

12
P

Wis= 11

— I:)12P21
B

Wi 22

1 _
=P
1

P-O Gutman
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Basically non-interacting specifications

T[s]:{l +V[s]LO[s]J_lV[sJLO(s]F[s]

* g(0)<[T(jo)|<b ), i=j

. [lo)|sby@), %]

For the basically
non-interacting
Servo problem, we
postulate that

Fio =Fy =0

Qsyn —the toolbox for robust control systems design
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Selection of thefirst design step

L w, L W,
M;O Fi— W12 To1 ﬁﬁz - W712T22
T =W W~ T =W — Wa —
14+ =10 {4210
Wi Wiy
L W,
Lo p  Wag Lao Fosr Wo4 Tis
T = Way W _ Wy Waa
n- Lo =
1+ 1+ =20
W22 W22

a;(m)<

@) <[y (o) <byw),  i=j
7, (o) <bj@), i%j

Fi2 =F3» =0

» Alternativel: Design de, Fpofor {Ty;, Tob and Ly, Fo, for {Tyy,

T,.} seperately, and in

ependently. Disadvantage: Cross-

coupling represented by wor st-case ” disturbances’ only.

» Alternativell: Design first the easiest of the two tasks. Then, the
second design step becomes a true SISO problem with correct
cross-coupling. Additional advantage: In a fully coupled system,
thelast loop to be closed in a sequential design, deter mines

stability (Bode).

Qsyn —the toolbox for robust control systems design
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Thefirst design step

Wi, (jo) i
Wi, (jo) i
1+ Lyo(jo)

Wiq(jo)

<byp(0)

* T, isreplaced by b,

* Mixed servo & disturbance
reection problem =

» Designof L,,and F; isnot
separated, elugin SISl(S

* T, isreplaced by b,,

* Modify the high frequency
roll-off of b,, or b,,, In
order to easetheﬁ gain
demand on L, or Ly,

Qsyn —the toolbox for robust control systems design
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Thefirst design step: Servo bounds

L10(j"")F ; _W12(j“))-r : Liljo) Fiy(jo)
a,(@)< W11(j(’°) 11(/0‘)) VVHU‘D) 21(/(‘)) <by(®) a(@) +bgyg(@,) < % <byy(@) = bgp(o,)
u 1+ Lyo(jo) " 1+ Vl;o(m)
Wi, (jo) L b
. aps
W12(.’.m)b21(w) T b 1 ®
W11(J“))( ) <byu(® )1
- - Lo (o g11(®,
MFH( ‘D)‘ wbm(w)‘ 1+Wwow(/'w) i bcﬂ\%
Wi (jw) 5 Wis(jw) <byy(®)
1+ Lyo(joo) ’ ‘ 1+ Ly (joo) ‘ "
Wiy (jo) Wiy(jo)
» For each @ and for each @=
Lyo(joo) ./‘D) ‘ W12 /‘” H arg(LlO)’ find bdll(a)’q)):
811(C0)< W11 /0) W11(j(D — OS bdll(a),(p)s(bll(a))' all(a)))/z
14 L) ‘ ’ + Loli® H such that the Hor owitz-Sidi
Wiy (jo Wi (jo bounds become equal.
P-O Gutman
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Thefirst design step: Servo bounds cont’d

L (i
i o,
a(©) +bgyy(®,) < W)— <byy(@)=byqq(o,) ;LJLwo o) <bgyy(® W
Wis(jo) Wiy (jeo)

R
© * For each @ and for each

¢=arg(Ly), find by;;(@,¢):
0= by, (@9)=(by1(@)-a1,(@))/2
s. t. the bounds become equal.

increasing b,

f * = conservativeness dueto A-
Horowitz-Sidi bound inequality reduced.
L,,(iw)-plane * Modify the hf roll-off of

b, (@), see below.

Qsyn —the toolbox for robust control systems design P-O Gutman
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Thefirst design step: Horowitz-Sidi bounds

Servo bounds from Sensitivity bounds from
L10(jm)F (j(ﬂ)
Y+ ®.-) < M < ®)— ® D
a11(0) +byq4(0,7) < oo Lo (o) < by (@) = bgq(0, - 1 . Sx[w]
Wis(jo) 1+ LlO[Ja)J/Wl]{Ja)J
! 12(jm)b () Tabs b1
Wy(jo) e @

ngd”(w’) = \Q\ Sensitivity boundsfor

" Wh(jo) 1B « Disturbancerejection
* Loop stability margins
Cross-coupling bounds from - Avoiding nmp plant in the

Wiy (jo) second design step, see
W) "2 below
e <bh,(0) ' . .
1+L10((f‘”)) ’ v and now, design L,,=L",
Wi (jo
. —s recall, by hf roll-off
Qsyn —the toolbox for robust control systems design P-O Gutman
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Thefirst design step: a note on roll-off

Notice that to get a high frequency roll-off for the bounds emanating from (8.27), it is in
general required that b,,(®) rolls off faster than byq,(®,-), which is achieved if b,,(®) rolls

off faster than b,,(®). On the other hand, to get a high frequency roll-off for the bounds
emanating from (8.28), it is in general required that b, (®) rolls off faster than b,,(®). If one
has symmetrical specifications (8.18), (8.19), i.e. by, (@)=by(®), and by (®)= by, (w), then
this roll-off condition is impossible to achieve. Computationally the conflict may be solved
either by ignoring the high frequency bounds from (8.27) and (8.28) , or better, by artificially
giving b;,(®w) and b,,(w) the required roll-off when computing bounds from (8.27) and
(8.28). If byy(®)= b,,(w) roll off with -40 dB/dec, then let b,,(w) roll off with e.g. -80 dB/dec,
and let by,(®) have no high frequency roll off (0 dB/dec). This "trick" to get reasonable
bounds will have no influence on the closed loop system behaviour, since
L1 (jo)/Wi1mom j®) has to be designed with a reasonable high frequency roll-off, whether the
bounds impose it or not.

Qsyn —the toolbox for robust control systems design P-O Gutman
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Thefirst design step: Pre-filter design

Lip(joo) _ b Wip(jo) o
-~ (D,SMS e " 1Tm 61 m1(jm)b21()< A
ap (@) +byy4(®,) p by (@) = bgq4(®,") ——————|<bsn(®,)
1+ Lyp(jo) a \%\ 1+ Lyp(joo)
Wy (joo) T B Wy (joo)
+ After thedesignof L"), [|* Then design Fyy(s) to
b*411(@) iscomputed: satisfy
Wbm(m) LQO(I'(D)Fﬂ(fW)
# 0) ¥ fi *
byys(®) =max—L20 a11@)+byp@) < ) <p ()b (@)
W, (joo) Wi (joo)

Qsyn —the toolbox for robust control systems design
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The second design step

* With L,(s) and F,,(s) designed,
we get, with F,,=F,,=0
0 _&_ Lyg

21 — —Fy
Wa 1+ (Lio/Wi)

Qsyn —the toolbox for robust control systems design

22
T21_ L
1+—2
Wo,
Ly 21 L /F
e 22 e 12
T Wy oo 1+ (Lio /Wiy
2= L
1+-—2
Wo,
We —wol 1 Y Wi Wo,
20 =Wy 1- Y=
1+ (Lyg Wiy) W, W,,
P-O Gutman
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The second design step: true SISO

Ly Y
“Wy ———F, Wy =Wy 1-————
! 1+{Lio Wy * 22{ 1+(L10/W11)]
1
— 5 '@ = Ly W, g =ity
= VV11W22
Servo bounds from Cross-coupling bounds from
Lo (i : )
% W (jo) | Lo (joo) )
[0 e . F T
ap(®)< 227(1(')’:22(/00) Sbgy (o) Wan(j) 1+(L10(/w)/w11(1w)) < by ()
14 20 jo) 1+ Ly (jo)
W (jo) W (jo)
e — — < ye)|
Sensitivity bounds from v L, io | /Wgelio]
Qsyn —the toolbox for robust control systems design P-O Gutman
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The second design step: true SISO

W :w22[1~—7 ] =iy L Servo bounds from
1+ (Lo Way) W, Wy A, )
1+(Lio Wy Lao(j0)
1 ap(®)< MF&(/‘“’) S by (@)
—- ¢ Log(jo '
R Ly W, o Laolf®)
Wa(joo)

Cross-coupling bounds from e Asin S| SO,_ d_esi gn L, to satisfy the
Wal)  Lyle) oo Horowitz-Sidi boundzs, and such that
el Dl el)  enio) the closed loop is stable, which will

| " Wi ensure MIMO closed loop stability if

the plant isfully connected.

Sensitivity bounds from * Design F,.

| . Lo « Simulatein thefrequency and time
e Lyofie f Zez‘jjmjf e domains. Check closed loop stability

* Re-design, if necessary.

Qsyn —the toolbox for robust control systems design P-O Gutman
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Example

ki[s  kip/s

ko /s kzz/S’
ki, €[2,6])kq, €[0.5,15]

k1 €[05,15] Ky €[2,6]

2/s s

nom

s 2/s

Qsyn —the toolbox for robust control systems design

function

o°

o o

[Par,w tpl,w nom,method,P num,P den,
n dif,Uns Par] = pll

MIMO Plant: pll.m

Definition of the parameters

Par = ['k1l1l=[2,6,2,4]"'];
Uns Par=(];

Definition of the frequency vectors [rad/sec]

= [0.1 0.2 0.5 1 2 5 10 20 50 70 100];
w nom = logspace(-2,3,200);

Definition of the template computation method

method = 'rff [1,1]';

Plant definition

P num=' (gain,kll)';
P_den='[1 0]';

P-O Gutman

7 TECHNION

Israel Institute of Technology

Example, cont’d: templates and pre-compensator

ctpl('pll', []1, 'grid’
ctpl('pl2', [1, 'grid’
ctpl('p21', [1, 'grid’
ctpl('p22', [1, 'grid’
60
40 =
x P

5
o] ¢
20 f
o o
-60
o1 905 90 895 dey-8O

templates of Py (s) in pll.tpl displayed

* Here: nominally decoupling
design with precompensator
chosen as Py(5)=Ppom(9)-

function [P0] = pO(s)
% p0.m precompensator transfer function for 2x2 MIMO

PO = [2./8 1./8
1./s 2./s];

*Exercise: carry out a
decentralized design with
Po(9)=1.

Qsyn —the toolbox for robust control systems design

P-O Gutman
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Example, cont’d: specifications

Servo specification Cross coupling specification
. tiispec frequency domain specification from exB.spc tijspec frequency domain specification from ex8.spc
® : -20
50 dB
-100 fooiotd 30 |-
10" o radis T 2 '
tiispec time domain specification from ex8.spc
! A0 t---
05 :
0 . B0 k---
0 1 2 3 sec 4 5 6 7 50
rers(lexs!, 'tii spec', [3 0.8],10,3.5, [1,logspace(-1,2), [1,3)
showspc (' Tee" tllspec ) % Fig B0 ' [
10" 10° 1g' redss 10®
6 dB sensitivity Specification | | ssseie:, ciopecar toaspace 1,21, 200, b3z wicn rors-oseoo
add2spc ('ex8', 'tijspec',logspace(-1,2),[.1],[.01 .14 1]);% -40 dE/dec
adzspe (i EREY, VSR 1ogspace( 1.2).6) showspc ('ex8', 'tijspec') ;showspc('ex8', 'tijspeca', [1, [],gcf));
a ' . -1, . i

Qsyn —the toolbox for robust control systems design
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Example, cont’d: equivalent plants

_{kﬁ/s k12/s] P _[2/5 1s
_k21/s ko /s ) nom_;1/s 2/s

ki €[2,6]  kqp €[0.5,15]

k,, €[0.5,15] Ky, €[2,6]

* Note: ky; Ky ki5 k>0

“1-p-1-§ 2 -1
Pyt=Pih 3[_1 3

2k 2k
M P

W=V -1= 1 2Ky =Ky Ki1=2K;y
(ngz‘ (12 gl k22_2k21 2k11_k12
Woon=Vom 1=

mtpll ('iwll','iw22', 'wl2 wil','w21l w22','pll','pl2','p21','p22','p0');
showtpl ('iwll'); showtpl('wl2 wll'); % Figure 8.11
showtpl (‘w21 w22'); showtpl('iw22'); % Figure 8.11
15 w11 ) 10 wA2_ w1
o6 LYWy, (jo) @ [
10 | ol ) .
I ol Wia (jo) Wi (joo)
J | i :
. =201+ H
0 & 30)t
deg deg
5 -40
-361 -3605 -360 -3595 -359 -350  -300  -250  -200
10 w21 _w22 15 w22
B | dB H
o1 , ) 10 l PWa, (joo)
10 | Wa (joo ) Wos (joo) | 22\J!
| i 5 |
200 i .
a0t 0 &.ﬂEE]
d
40 = 5 o
-350 -300 -250  -200 -361  -3605 360 -3595 -359

Qsyn —the toolbox for robust control systems design

P-O Gutman
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] .
Example, cont’d: boundsfor L,,/W;1,0m
mcbndll ('ex8', 'tiispec', 'tijspec', [1,[],'ex8"', "iwll"', ' wl2 wll');
% Default bound name: servol
mcbndll ('ex8', 'tijspeca’, 'tiispec', [],[],'ex8"', 'iwll', ' wl2 wll')
% Default bound name: couplel
cbnd('ex8','sens', [],[],'ex8','iwll"', 'sens', 'fodsrs') ;
showbnd('ex8', ], 1.1 .2],'servol', L], ...
[.5 125 10 20 ], 'couplel', [],[50 70 100], 'sens');

axis([-360 0 -20 50 ]),mgrid(12,7) ;6 Figure 8.12
* mcbnd11 also computes the by,,-vector

for each servo bound into default matrix
servolbdll

tijspec frequency domain specification from exB.spe

servol

tijsper

couplet ar

Qsyn —the toolbox for robust control systems design P-O Gutman
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Example, cont’d: design of L,,/W;1,,0m

15(s/80 +1)
s(s/30 +1)(s/100 +1)

dbE
30

Lio(s)=

20

L 4
-120 -160 -140 -120 00 dey -0

Qsyn —the toolbox for robust control systems design P-O Gutman
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Example, cont’
modified servo

gpecification

.,

d:| g

ol el Hnieie il mlliltiilid of

F=======F==cccc-peomcccccp=n====
[~~~ ~~"~"Fr=""==°=°7r===°===°;Fp~°=°7°°°7
e T

-40 = :
10°

10" radis n®

After thedesign
of L")y, byu(@) is
computed from

Wia(J2) ()
by) =max ) |

Compute Ly, (joo )/ Wy, (joo)
tplfop ('L10 will','*',[],'iwll',1,'L10");
Compute the modified servo specification

[311(“))"'[3;11(‘”): b11(m)—b;11(m)]

Qsyn —the toolbox for robust control systems design

T (jw‘i bdllspc('ex8', 'tiispec', 'servolbdll', [],'L10 wll');
14 10T % default name for new servo spec: tiispecm in ex8.spc
Wi,(jo) showspc ('ex8', 'tiispec', 'freq')
showspc ('ex8', 'tiispecm', 'freq', 'cx',gcf) % Figure 8.15
P-O Gutman
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Example, cont’d: closing thefirst loop
» Computethe complementary sensitivity function §1(jw):M

tplfop('cosensl', 'idsrs', [],'L10 wll');

1+ (Lyo (joo ) /Wy (joo )

hO=fdesign('cosensl.tpl', [], 'new');
showspc ('ex8', 'tiispecm', 'freq', 'cx',gct) ;
showspc ('ex8', 'tiispec', "freq', [1,gcf);

20t--

i
|
T

w complementary sensitivity fon

10° 10" radis 10

Qsyn —the toolbox for robust control systems design

P-O Gutman
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Example, cont’d: design of F,
» Design the prefilter, and display thefirst loop servo transfer function

hl=fdesign('cosensl.tpl','F1ll.m', hO);
1
Fiq(s)=
(s/2+1)(s/10+1)
function [F]=F11(s)
% Fll.m 1is the prefilter file for the first step dB
F=(1)./( (s/2 + 1).*(s/10 + 1) ); 1ot
; : Lo (joo)/Ws4(joo) 20}
Ty(jo) = Fyljo) UMl
1+ (Lyo (joo ) /W44 (jo))
30 F
tplfop('closedl!, 'rers', [],'1wll",1,'L10", 'F1L'); - - TR
10 10 10 radis 10
Qsyn — the toolbox for robust control systems design P-O Gutman
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Recall: The second design step

w;:w22[1~—1 T )] =iy Lo 3 Servo bounds from
Lo /Wiy 2 [

it (Lo Wy Luti)
1 a)<| 220 (o)< (o)
oo e
Cross-coupling boundsfrom| «  Asin SISO, design L,, to satisfy the

Wy (jo)

Lyo(jo)

Wi (joo) 1+ (Lyg(joo) W)

Fi(joo)

Ly (jo0)

1+ 20
Wa(jo)

Sby()

Sensitivity bounds from

1
‘14— LZO“jm" WZQZU'DT‘

‘g yj@"

Horowitz-Sidi bounds, and such that
the closed loop is stable, which will
ensure MIMO closed loop stability if
the plant isfully connected.

Design F,,.

Simulatein the frequency and time
domains. Check closed loop stability

Re-design, if necessary.

Qsyn —the toolbox for robust control systems design

P-O Gutman
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Example, cont’d: second design step templates

1 15

Si(jo)= o8 YW, (jo

1 1+ (Lo (joo ) /Wy (jo ) mE: / 22(/ )
tplfop('sens1', 'odsrs', [],'1wll',1,'110"); 5 i
Compute templates of ol n
x-coupling tf, wwel= B
L —y ) 15
W, (jo) 1+(L10(/°3)/W11(J‘”)) 1"3 1/erz(5f)
and of " equivalent plant” 5
iw22e = 1/W292(f0)) 0
mepl2('iw22e’, "wicl', 'iw22', w12 wll', 'w2l wa2', 'sensl', 'closedl'); |

B B -10 -5 0 5 deg10

Qsyn —the toolbox for robust control systems design P-O Gutman
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Example, cont’d: second design step bounds

cbnd('ex8 2','tijspeca', [],[],'ex8', 'iw22e"', 'couple2a’, ...
'fcouple2', [1,[], [], 'wwcl', 'mimo2"') ;

cbnd('ex8 2','tiispec', [],[], 'ex8"','iw22e"', 'sexrvo2', 'frsrs');

cbnd('ex8 2','sens', [],[],'ex8','iw22e"', 'sens2', 'fodsrs"') ;

IR

IN
N

‘1*' (Lzo (fm)/erz (/‘D))’

-300 -200 -100 deg O 20

-300 -200 00 dey Of | "T 20 200 180 -160 %9 o140

x-coupling (* couple2a’)|| servo (’servo2’) sensitivity ( sens2”)
P-O Gutman
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second design step dominant bounds
50 n

L 20
=360 300 -260 -200 -160 -100 -B0 deg 0

Qsyn —the toolbox for robust control systems design P-O Gutman
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Example, cont’d: 2nd step feedback compensator

40

B 7 dE
a0

20

a0 .
-200 -130 -HOO -140 -120 -0 deg -80

Qsyn —the toolbox for robust control systems design P-O Gutman
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Example, cont’d: 2nd step pre-filter design

tplfop('cosens2', 'iosrs', [],'iw22e',1,'L20"); ho=fdesign('cosens2.tpl');
showspc ('ex8', 'tiispec', 'freq', [1,gcf);
hl=fdesign('cosens2.tpl', 'F22.m');

5, o) - —Lenlie)/ W o) 1 SV :--;:__@_S (
trlaowgio) || g NI T
1 P inn AL v M ' 'II II
Fals)= 20 f-- bR N NN N
2+l o0+ 140+ AR N BN
- - 0 ‘ IEE i. ?_______2““‘”3'
Rl 31l e o A4
10" 10° 10" dey 1p°
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TECHNION 1 - :
Israel Institute of Technology Example, cont d Des gn Summa.ry
[2/5 1/s] 1%5/80-{_1]
Prom Vs 2/s L %5/304_1]{5/100_'_1]
1 1-5 2 -1 0"
Po :P@mza[—l 2} 0 —
S[$/30+1]
10(s/80 +1) B 7/3
G=P;'L,_| (s/30+0(s/100+1)  (s/30+1)
| 5(s/80+1) 14/3
(s/30+1)(s/100+1)  (s/30+1)
YT ’
S/Z2+ 1S +
F(s)= 1
0 2
(s/2+1)(s/5+1)(s*/100+145/10+1)
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Example end
Time domain
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