
Black-Scholes model

with continuous dividend yield

Assume that F = FW

The S-market under P :























dBt = rBtdt

dSt = αStdt + σStdWt

dDt = δStdt + γStdWt

(1)

where α, β, σ, δ, and γ are constants.

We want to find a martingale measure Q, i.e.

a probability measure Q such that

• Q ∼ P ,

• GZ is a Q-martingale.
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The Girsanov transformation:

Define Q by

dQ = LTdP on FT , (2)

where

{

dLt = gtLtdWt,

L0 = 1.
(3)

The Girsanov theorem =⇒

dWt = gtdt + dVt,

where V is a Q-Wiener process.
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The S-market under Q:

{

dSt = (α + σgt)Stdt + σStdVt

dDt = (δ + γgt)Stdt + γStdVt

The Q-dynamics of the Z-economy

[Zt, D
Z
t ] =

[

St

Bt
,

∫ t

0

1

Bs
dDs

]

are given by







dZt = (α − r + σgt)Ztdt + σZtdVt

dDZ
t = (δ + γgt)Ztdt + γZtdVt
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The Q-dynamics of GZ are thus

dGZ
t = dZt + dDZ

t

= (α − r + σgt + δ + γgt)Ztdt

+ (σ + γ)ZtdVt.

Now, GZ is a Q-martingale if

g =
r − α − δ

σ + γ
. (4)
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Prop. For the S-market (1) it holds that

1. The market is free of arbitrage and com-

plete since there exists a unique martingale

measure given by (2), (3), and (4).

2. The arbitrage free price of a T -claim X is

Πt(X) = EQ[X|Ft]

(use that GZ = Π is a Q-MG) where the

Q-dynamics of S and D are







dSt = (α + σr−α−δ
σ+γ

)Stdt + σStdVt

dDt = (δ + γr−α−δ
σ+γ

)Stdt + γStdVt

Note: The local rate of return of the stock

is not equal to r!
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3. If γ = 0 then the Q-dynamics of [S, D] are

{

dSt = (r − δ)Stdt + σStdVt

dDt = δStdt

Give economic interpretation!

4. If γ = 0 and X = φ(ST ) then the arbitrage

free price of X is given by

Πt(X) = F(t, St)

where F solves the PDE















Ft + (r − δ)sFs +
1

2
σ2s2Fss − rF = 0

F(T, s) = φ(s)

Read about a more general model in 16.2.2


