Black-Scholes model
with continuous dividend vyvield

Assume that F = FW

T he S-market under P:

/

dB; = rBdt
\ dS; = aSidt + oS dWy (1)
dDy = 0Sidt + v SdWy

\

where «, 3, o, 6, and ~ are constants.

We want to find a martingale measure @, i.e.
a probability measure Q such that

o ()~ P,

e G4 is a Q-martingale.



The Girsanov transformation:

Define Q by
dQ = LpdP on Fr, (2)
where
{ dLy = g¢LidWr, (3)
Lo = 1.

The Girsanov theorem —

dWi = gidt + dVi,

where V is a Q-Wiener process.



The S-market under Q:

{ dS; = (a4 ogt)Sidt + oSidV4
dDy = (6 + vgt)Sedt + v SdV;

The -dynamics of the Z-economy
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are given by

dZ¢
dDf = (6 + vg1) Zydt + v Z4dVy

(o —r + ogt) Zidt + 0 ZdVy



The Q-dynamics of G4 are thus

dG¢ dZ; + dDf
(a—r+ogt+ 6+ vgt) Zedt

+ (o + v) ZidV;.

Now, G4 is a Q-martingale if
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Prop. For the S-market (1) it holds that

1. The market is free of arbitrage and com-
plete since there exists a unique martingale
measure given by (2), (3), and (4).

2. The arbitrage free price of a T-claim X is
Ny(X) = EQ[X|F]

(use that G4 = N is a Q-MG) where the
-dynamics of S and D are

dS; = (a+ 07";34_;5 )S,dt + oS dV
dD; = (6 +7"795°)Smdt + SV

Note: The local rate of return of the stock
IS not equal to r!



3. If v+ = 0 then the Q-dynamics of [S, D] are

dS; = (r —0)Sidt + 0SidV;
dDy d.Sdt

Give economic interpretation!

4. If v =0 and X = ¢(St) then the arbitrage
free price of X is given by

I_It(X) — F(t7 St)
where F' solves the PDE

( 1
Fr+ (r—96)sks + 502321758 —rF = 0

| F(T,s) = ¢(s)

Read about a more general model in 16.2.2



