LECTURE 5
LINEAR TRANSFORMATIONS
CH. 4.6 - 4.7 FROM AVNER FRIEDMAN
FOUNDATIONS OF MORDERN ANALYSIS

Definition. Let T be a one-to-one linear operatbr: X — Y. Then the
inverse operatof ! is defined as

T ly=x if Tx =v.
Note that domaif ' is a linear subspace of

Theorem. (AFr 4.6.2)
Let X andY be a Banach spaces and Tebe a one-to-one bounded linear
map fromX ontoY. ThenT~' is a bounded map.

Corollary. (AFr 4.6.3)
Let X be Banach spaces equipped with eithet|; or || - ||.. Suppose that
there exists a constaHts.t.

IIx]l1 < K%z for all x € X.
Then there exists a constafts.t.
Ixll2 < K" ||x|l1 for all x € X.

Definition. Let X andY be linear vector spaces and Tet X — Y, where
T is defined orD+. Then

Gr={(x,Tx): x € Dt}
is called the graph of.
If Gtis aclosed setiX x Y then we say that is a closed operator.
Note thatT is closedff

Xxn €Dt xpn—%x, Txn—o>y=x€Dy, Tx=uy.

Theorem. (AFr 4.6.4) (Closed graph theorem)
Let X andY be Banach spaces and Tet X — Y be a linear operator with

D+ = X. If T is closed therT is continuous.
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Definition. Let X andY be linear vector spaces and Tet X — Y defined
onD+. Alinear operatof : X — Y is called an extension dfif Dt C Ds
andTx = Sx for all x € Dr.

Definition. Let X be a linear vector space aifdbe a normed space. Let
T: X — Y defined orD+. Suppose that there exisSisuch that

() Sis a closed linear operator

(i) Sis an extension of

(iii) If S’ satisfies (i) and (ii), theS’ is an extension aof.
Then we say thas is a s closure of. The closure of is denoted byf.

Theorem. (AFr 4.7.1) _
Let X andY be Banach space$.has a closuré iff

Xxn €Dt x>0, Txp—y=y=0.

Home exercises
1. (ex. 4.6.6 from AFr)
2. (ex. 4.6.7 from AFr)



