LINEAR ALGEBRA BACKGROUND FOR MATHEMATICAL
SYSTEMS THEORY.

1. INTRODUCTION

In this note we summarize some linear algebra results that will be used when
investigating reachability and observability of linear systems. The basic problem
under consideration is the fundamental solvability conditions for linear equation
systems.

Warning: The presentation is compact and dense. The main point is Figure 1. If
you understand the idea behind this figure then you will also be able to understand
the idea behind the proof of reachability in Lindquist and Sand.

Consider the linear equation system

(1.1) Az =b
We will address the following questions

(a) When is there a solution?
(b) Is the solution unique? Which solution do we pick otherwise?
(¢) How do we construct the solution?

As an example consider the simple system

1 1] [e] [0
02 b ][
It is clear that
(a) There exist solutions if and only if § = 1.
(b) If 8 =1 then any solution must satisfy x1 +x2 = 1. This equation defines a
line, which means that there are infinitely many solutions to (1.2) if 5 =1
and otherwise no solutions at all. Among all these solutions it is natural

to pick the minimal length solution, i.e. the solution to the optimization
problem

minz? + 23 subj. to x; +xy =1
(¢) In this simple problem we reduce the optimization problem to
minz? + (1 — 21)? = min 22?2 — 227 + 1
which has the solution 7 = 1/2, which gives (z1,22) = (0.5,0,5).

We will formalize the above discussion by using the fundamental theorem of linear
algebra. For a comprehensive discussion of these topics we refer to
e K. Svanberg. Linjar algebra for optimerare.
e G. Strang. Linear algebra and it’s applications. (The key pages are at-
tached in Trygger’s OH collection).

This note borrows material from an exercise note by G. Bortolin.
1
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2. SOME KEY LINEAR ALGEBRA DEFINITIONS

We here summarize some basic concepts and definitions in linear algebra that
will be used.
e The set R™ is the set of all column vectors with n real valued components.
Any element in x € R™ will be represented as a column vector

T
T2
xTr =
In
e R” is an example of a (finite dimensional) vector space. The formal defini-

tion of a linear vector space is given next.

Definition 2.1 (Linear vector space). A (real) linear vector space is a set
V of elements that satisfies the following rules of operation. If z,y,z € V,
a,b € R, and 0 is the zero vector then

(#15) 0+ =2
(tid) x+ (—x) =
(iv) v+y=y+ux
(v) afz +y) = oz +ay
(vi) (a+b)x =ax+ by
(vii) (ab)x = a(bx)
(viti) 1z =2

In R™, 0 is the vector with all components equal to zero.

You probably use this set rules all the time without really reflecting on
its value. The importance of the definition is that it is not only R"™ that
satisfies the above rules. There are other important sets of elements that
satisfy the same rules of operation and therefore defines a linear vector
space. One example is linear subspaces of R™ that will be discussed next.

e A subset V C R"™ is a linear subspace if Yvi,v2 € V and Vaj,as C R
a1v1 + asvy € V. A linear subspace V C R™ is a vector space since it
satisfies the operations in Definition 2.1. Indeed, since the subspace is
closed under linear combinations, i.e. ajv1 + asvy € V, for all a1, as € R
and vy, vs € V, it follows that the rules are inherited from R".

e A subspace V C R" is said to be spanned by the set of vectors vy,...,v,. € V
if every v € V can be written as a linear combination of the vg, i.e., there
exists aj € R such that v = 22:1 avg. The above can in more compact
notation be written

T
V = span{vy, ..., v} := {Zakvk Doy € R}
k=1

The set of vectors vy, ..., v, is called linearly independent if 271;:1 QRUE =
0 implies a, =0, k = 1,...,r. A linearly independent set of vectors that
spans V is called a basis for V.

If V = span{vy,...,v.} where the vectors vy, k = 1,...,r are linearly
independent (i.e. a basis for V) then we say that V has dimension r, which
is denoted dimV = r.
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e A vector space V is a direct sum of two subspaces V; and V», which is

written V = Vi @ Vs, if every vector v € V uniquely can be decomposed as
v=v1+v2, v €V v3E Vs

e The vector spaces used in the course are always equipped with a so-called
inner product (scalar product). For R™ the scalar product and its associated
norm are defined as

n
T
T Y= Zl‘kyk
k=1

n
Izl = VaTa = | >}

More generally we have the following definition

Definition 2.2 (Inner product). An inner product in a (real) vector space
V is a mapping (-,-) : ¥V x V — R such that
(i) {z,z) >0 and (z,z) =0 if and only if z =0
(1) (21, 22) = (w2, 1)
(191) (x1,ax9 + brg) = a{xy,x2) + b{(x1,23)
The norm associated with the inner product is defined as
[zl = v/{z, z)
and satisfies the properties
(a) ||z|| > 0 and ||z|| =0 if and only if z =0
() llazx| = lalllzll,  VaeR.
(¢) ||z + z2|| < ||z1]] + ||z2]| (triangle inequality)

Definition 2.3. An inner product space is a vector space V equipped with
an inner product.

When investigating reachability and observability of a linear system we
use the inner product space

t1
L' [to, t1] = {u : [to, t1] — R™ s.t. / ||u(t)||2dt < oo}

to
The inner product and norm on this vector space are defined as

(u,’u)L2 = / 1u(t)Tv(t)dt

to

lellv, = /(s )y, = (/tt IIu(t)IIth)l/2

Now that the inner product is defined we can introduce the important concept
of orthogonal complements and orthogonal direct sum decompositions.

e Let V be a vector space and W C V a subspace. The orthogonal complement
of W, denoted W, is defined as

Wt={weV:(vw) =0 Ywe W}

The orthogonal complement provides a particularly nice direct sum decom-
position V = W @ W+,
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The orthogonal complement satisfies (V1)1 = V. Here V denotes the
closure of V. In all cases considered in this course we can use the simplified
rule (VH)L =V.

e The notation V; 1 V5 means that the vectors in V; and Vs are mutually
orthogonal, i.e. (v1,v2) =0 for any v; € V; and vy € V.

Example 2.4. If

1 1 0 0
Vi =spang (0], |1 , Vo =spanyg |1 , V3 =span{ |0
0 0 1 1

then R® = V; @ Vs is a direct sum decomposition and R® = V; @ V5 is an
orthogonal direct sum decomposition, i.e. V3 = V.

3. THE FUNDAMENTAL THEOREM OF LINEAR ALGEBRA

Let us consider an m x n matrix A. Given A, we can define four fundamental
subspaces':

(1) The column space of A, defined as ImA = {Az : x € R} C R™

(2) The null space of A, defined as Ker A = {z € R" : Az =0} C R™.

(3) The row space of A, which is the column space of AT, defined as Im AT =
{ATy .y e R™} C R™.

(4) The left null space of A, which is the null space of AT, defined as Ker AT =
{yeR™:yTA=0} CR™.

Definition 3.1. The rank of A is defined as rank(A) = dimIm A.

There is an important relation between these four subspaces described in the
following theorem:

The fundamental theorem of linear algebra: Suppose A is a m X n matriz
and has rank r. Then, one has the following decomposition:

(3.1) R" =Im AT @ KerA and R™ =ImA @ Ker AT

where the dimensions are:

dimImA = r

dim Im AT = r
dimKerA = n-—r
dim Ker AT = m—r

and most importantly the decompositions in (3.1) are orthogonal, i.e.
(Im A)* = Ker AT
(Im AT)t = Ker A

What does the fundamental theorem of algebra tell us about the m x n matrix
A? We have the following consequences:

(1) It tells us the dimensions of the four subspaces. In particular dim Im A = dim Im AT
1A common alternative notation is R(A) := Im A and N(A) := Ker A. Note that in the

course, R denotes the reachability matrix. For a proof that the fundamental subspaces indeed are
subspaces we refer to Svanberg, Linjar algebra for optimerare.
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(2) The ambient space in which each subspace lives. That is:
e Im A and Ker A” are in R™.
e Im A" and Ker A are in R"
(3) The direct sum statement tells us that:
e Every vector b € R™ can be written as the sum of a vector b., € Im A
and by, € Ker AT

b= bcol + blnull

e Every vector b in R™ can be written as the sum of a vector b,., €
Im AT and b,,,;; € Ker A:

b= brow + bnull

(4) The orthogonality of the four subspaces:
e Every vector in Im A is orthogonal to every vector in Ker A”.
e Every vector in Im A7 is orthogonal to every vector in Ker A.

3.1. Minimum norm solutions to linear equation systems. Let us again
consider the linear equation:

(3.2) Az =b

We can now answer our previous questions.

(a) There is a solution to (3.2) if and only if b € Im A

(b) Supposing that b € Im A we have two possibilities. Either Ker A = 0 and
the solution is unique or each solution of (3.2) can be uniquely decomposed
into

T = Trow + Tnuy With Z,0p € Im (AT), ZTnun € Ker (A)
However we have that:
Az = A(‘rrow + xnull) = A(Erow =b

and hence T, € Im (A7) is the only part of z significant in generating b.
Since Ty and T,y are orthogonal it follows that the ;.. is the minimum
norm solution, i.e. it solves the minimization problem

min ||z||* subj. to Az =1b

(c) We have three cases (assuming b € Im (A))
(i) KerA = 0 and m = n. Then A is invertible and the solution is
obtained as x = A~1b.
(ii) If Ker A = 0 but m > n then we can use that (Im A)+ = Ker AT,
which implies that

Ax =10 = AT Az = ATb

Indeed, the implication in the right direction is obvious and for the
left implication we use that b, Ar € Im (A) = Ker (AT)*, which in
turn implies that Az —b = 0. We use Ker ATA = KerA = 0 (a
formal proof can be found in Theorem 3.4.3 in Lindquist and Sand),
which implies that AT A is invertible and the solution is obtained as
x=(ATA)~1ATD.
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(75i) If Ker A # 0 it follows from (b) that the minimum norm solution of
the linear equation (3.2) is given by = 2,5, = ATz where z is any
solution of AATz = b. In particular, if AAT is invertible the minimum
norm solution is # = AT(AAT)~'b. To see that this indeed is the
minimum norm solution we let = ATz + 2,11, where 2,1 € Ker A.
We have

HxHQ = HATZ”2 + 2(ATZ)Txnull + ||xnull||2
= ”ATZ”2 + 2ZTAxnull + ”frnull”2
= [|AT2))? + |z nan]|* = AT 2||?

with equality if and only if x,,; = 0.

The above discussion leads to the following theorems. Note that a few gaps must
be filled in order to have a complete proof, see Svanberg for more details.

Theorem 1: If b € Im A and Ker A = 0 then the unique solution to Ax = b
can be obtained as x = (AT A)~1ATp.

Theorem 2: We have Ker A = Ker AT A.

Theorem 3: Ifb € Im A but Ker A # 0 then the unique minimum norm solu-
tion to Ax = b can be constructed as o = ATz where z solves AATz = b.

Theorem 4: We have Im A =Im AAT.

Graphical interpretation to help memorize the last two results.

A Ker(4) b Ker(a?)
A
Toadl |- - - - x/—\
Trow = AT 2 Im(AT) AZrow Im(A)

Fi1GURE 1. Illustration of the fundamental theorem of linear algebra.

Let us illustrate the Theorem 1 and Theorem 3 on three simple results.

Ezample 3.2. Consider again the system in (1.2) for the case when 5 = 1. We have
Ker A = { {_11] } so we must use Theorem 3. We have

antaen o R[]+ =i)el]

where a € R is arbitrary. We get

Rt I S H

The next example shows a simple under-determined system.
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Ezample 3.3. The equation system Az = b with A = [1 1] and b = 1 has the

solution z = AT(AAT)*lb _ % {ﬂ

Our final example shows a simple over-determined system

Ezxample 3.4. The equation system Ax = b with A = b = B] has the solution
r=(ATA)1ATh = 1.

In reachability analysis we will encounter infinite dimensional under-determined
systems and in observability analysis we will encounter infinite dimensional over-
determined systems.

How to determine the fundamental spaces in practice? Svanberg presents
two methods to compute the fundamental subspaces.
(1) The first method uses the Gauss-Jordan elimination to factorize the matrix
according to

A=PT

where P is an invertible matrix corresponding to elementary row operations
on A and T is a matrix on stair case form. For computation we use Ker A =
KerT and ImA = PIm7T. Finally, Im AT = (Ker A)! and Ker AT =
(Im A)*.

(2) A more numerically oriented method is to use the singular value decompo-
sition, see Svanberg.

We provide an example for the Gauss-Jordan method.

FEzxzample 3.5. Let

101 0
A=10 1 1 1
1 1 2 1
Then A = PT with
10 O 10 1 0
P=10 1 0], T=10 1 1 1
11 -1 0 0 0 O
We see directly that
1 0 1 0
ImT =span<¢ |0], |1 = ImA=spang (0], |1
0 0 1 1
For Ker A we have
10 1 0
Ker A = KerT = Ker ({0 11 1])

There are many ways to determine this nullspace. Svanberg provides a formula.
For this simple example we use the definition and solve the equation system

aq
1 1 ==
[ 0 0] @l L o o
0 1 1 1| |ag Qg = —Qg — (3 = Q] — Q2

Qg
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Hence, we have shown

a1 1 0

Ker A = o2 o €ER, k=1,2 ) =span 0 1
—aq ) ’ —11!> 0

a1 — Qg 1 -1

In the same way we determine Ker A7 = (Im A)~ from the equation system

a1
1 1 = -
|: 0 :| as| =0 = {042 o
(&%}

0 1 1 a3 = —al
This shows
1 1
Ker AT = —1] a1 :a; €R } =span -1
-1 -1
and similarly we can obtain
1 0
0 1
T _
Im A* = span 111
0 1

4. GENERALIZATION TO HILBERT SPACE

The ideas behind the fundamental theorem of linear algebra can be generalized
to Hilbert spaces. A Hilbert space is a special type of inner-product space and is
usually denoted H. In this note we concentrate on the two Hilbert spaces R™ and
L3[to, 1], which have already been introduced. We are used to work with R™ but
the function space L'[to,?1] is less familiar. One difference is that any basis for
L3'[to, t1] must have infinitely many elements. One possible basis representation
would be the Fourier serious expansion.

Fortunately, for the reachability and observability problems the situation is easy
and the results from the previous section are easy to generalize. The main difference
from before is that the matrices are replaced by linear operators. The formal
definition and main properties for our use is the following

Definition 4.1. A bounded linear operator A : Hi — Hs, is a transformation
between the Hilbert spaces H; and Hsy that satisfies the following property. For all
v1,v2 € H1 and aq,as € R we have

A(alvl + 0121)2) = a1 Avy + ag Avg
The boundedness assumption means that there exists ¢ > 0 such that
[Av]l3, < cllvfln,, Vv eH:

where || - ||#,, k = 1,2 denotes the norm in Hilbert space Hjy. The boundedness
means that A has finite amplification.

As a final definition we introduce the adjoint operator, which is a generalization
of the matrix transpose
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Definition 4.2. The adjoint of a bounded linear operator A : H; — Hs is a
bounded linear operator A* : Ho — H; defined by

(v, Aw)y,, = (A"v, W)y, Vv € Ho,w € Hy

Remark 4.3. There always exists a unique adjoint A* to any bounded linear oper-
ator.

4.1. Reachability Analysis. In reachability analysis we consider the operator
L : L3 [tg,t1] — R™ defined as

Lu = /t 1 O(t1, 7)B(T)u(r)dr

where ®(t,7) is the transition matrix corresponding to the homogeneous system
& = A(t)z. The corresponding adjoint operator L* : R™ — L3*[to, t1]

(d, Lu)gn = dT/ ' O(ty,7)B(r)u(r)dr

to

_ / (BTt )T d) u(r)dr

to
= (L"d, u)L2
This shows that
(L*d)(t) = B(t)T®(ty,t)7d.

The reachability problem is from a mathematical point of view equivalent to the
problem of finding w € L5[tg, t1] such that Lu = d. To understand this problem
we use that the fundamental theorem of linear algebra generalizes also to the case
with bounded linear operators in Hilbert space?. In particular, if we let

Im (L) = {Lu Tu e Lgl[to,tl}} CcR"”

Ker (L) = {u € LY [to, t1] : Lu = 0} C L' [to, t1]
Im (L") ={L*x : x € R"} C LY[to, t1]
Ker (L") ={z e R": L*x =0} C R"
then
L3 [to,t1] = Im (L*) @ Ker (L) R"™ =Im (L) ¢ Ker (L")
Im (L*) L Ker (L) Im (L) L Ker (L*)

dimIm (L) = dim Im (L*)

This leads to the same graphical illustration of the mapping L as for the mapping
A in Figure 1.

This means that the answers to our three basic questions on existence of solution,
uniqueness of solution, and construction algorithm for a solution to the equation
system Lu = d have the following answers

(a) there exists a solution iff d € Im L = Im LL*

2To learn more about this we refer to the book Optimization in vector space, by
D. G. Luenberger. Note that the material in this book is beyond the scope of this course.
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A Ker(L) A Ker(L™)
L
Upull |- - - - _ u/\

F1GURE 2. The main difference from Figure 1 is that the coordi-
nate system in the left hand diagram represents the infinite dimen-
sional space L5*[to, t1]. The horizontal axis is still finite dimensional
but the vertical axis is infinite dimensional.

(b) dimKer L # 0 so there is not a unique solution. We therefore choose the
minimum norm solution, i.e. the solution to the optimization problem

(4.1) min [|ullf, st. Lu=d
(#9t) The solution to (4.1) is constructed from the equation system
LL*A=d
(4.2) w— L\

The main point is that LL* € R™*™ and it is thus easy to check whether d €
Im (LL*) and in that case to find a suitable A. In particular if Ker LL* =0
then u = L*(LL*)~d.
In order to see that (4.2) in fact gives the minimum norm solution of (4.1) we take
a solution u = L*X + upyy, where ty, € Ker (L). Then

||UH%2 = HL*)\”%Z + 2 (LN, unuit)y, + ||unull||%2
= HL*)‘”%Q +2 </\a Lunull>L2 + ||unull||%2
= IL*AIE, + lununllf, > IL*AlE,

with equality if wy; = 0.



