FIRST PASSAGE TIME FOR RANDOM WALKS AND BIRTH-AND-DEATH PROCESSES WITH SIGN DEPENDING TRANSITION PROBABILITIES

Anna Carlsund

Abstract

Consider a random walk with sign depending transition probabilities. Let it start in 0 and stop the random walk when it reaches an upper border, a > 0, or a lower border, �b < 0, for the first time. This paper investigates when and where the process stops. If we let the holding times be independent exponentially distributed with an intensity depending on the sign of the state, when and where does this process stop? When the time and state space are appropriately scaled we can deduce a limit process. Some extensions of the first passage time are derived. All distributions are derived through transforms; probability generating functions are used in the discrete cases and Laplace transforms are used in the continuous cases. The transforms are so complicated that it is not feasible to invert them analytically. With a mathematical computer program it is possible to get the Taylor expansion from the probability generating function and therefore also the distribution. The Laplace transforms are numerically inverted.

sign depending transition probabilities; simple random walk; continuous time markov chain; first passage time; laplace transforms; inversion of laplace transforms; cover time; range.

ams 1991 subject classification: primary 60j65 secondary 60j15;60g40

Contents

1 Introduction 3

2 First passage time for a random walk with sign depending transition probabilities 3 2.1 Calculation of E [ xPN_{0i=0 Zi} ]_{. . . . . . . . . . . . . . . . . . . . . . . . 5}

2.2 Calculation of E [ x^{Zabs} ] . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 The probability generating function of N . . . . . . . . . . . . . . . 8

3 First passage time for a continuous time Markov chain with independent exponentially distributed holding times 9

4 The limit of a scaled continuous Markov chain with sign depending stochastic holding times 17

5 Extensions of first passage time 23 5.1 Time spent on the x-axis . . . . . . . . . . . . . . . . . . . . . . . . 23 5.2 Time spent above the x-axis . . . . . . . . . . . . . . . . . . . . . . . 25 5.3 The time from the last visit to 0 until absorption . . . . . . . . . . . 27 5.4 Cover time of range m . . . . . . . . . . . . . . . . . . . . . . . . . . 31

Appendix 35

References 37

              -

6

number of steps s t a t e •�`@

@R

p_0

q_0 0 •�`@

@R

p_+

q_+

•�`@

@R

p_− q_−

Figure 1: The transition probabilities for the random walk {S_n}_{n≥0}.

1 Introduction

Consider a random walk, {S_n}_{n≥0}, with the transition probabilities depending on the state. Partition the state space in three parts, above 0, below 0 and state 0. If S_n is in a positive state i, let the probability of jump from state i to state i + 1 be p_+, similarly if S_n is in a negative state let the probability of jump one step up be p_− and if S_n is in state 0 let the probability of jump to state 1 be p_0, see Figure 1.

Set an upper border, a > 0, and a lower border, −b < 0. Let {S_n}_{n≥0} start in 0 and stop the random walk when it reaches one of the borders for the first time. In Section 2 we investigate how many steps it takes until the random walk is stopped, and with which probability it stops in a respectively −b. In Section 3 the holding times are independent exponentially distributed where the expected holding times depend on the state in a similar way as the transition probabilities. In Section 4, the length of the jumps and the time between the jumps are scaled and when they tend to 0 a limit distribution is obtained. In Section 5 some extensions of the first passage time are derived.

2 First passage time for a random walk with sign depending transition probabilities

Let N be the minimum number of steps before the random walk reaches one of the borders the first time, i.e.

N^{def}= min{n : S_n = a or S_n = −b}. (1)

A random walk which starts in 0 and is stopped the first time it hits a border

-

number of steps s t a t e first part second part -

                 œ-
œ

• • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

�6 �4 �2 0 2 4

0 2 4 6 8 10 12 14

Figure 2: A realization of the random walk {S_n}_{n≥0} with borders a = 4 and b = 3.

has a certain behaviour. First it starts in 0, then it returns to 0 a random number of times without reaching any of the borders and then finally it reaches one of the borders and the random walk is stopped. Thus the random walk can be divided into two independent parts, from the start to the last time the random walk visits 0 and from the last visit to 0 until it is absorbed in one of the borders, see Figure 2.

Considering the first part, it can be split by the returns to 0, see Figure 2. The number of steps between two successive visits to 0 is random. Let the random variable Z_i denote the number of steps between the i-1^{th} and the i^{th} return to 0, Z_0 ≡ 0, and let N_0 be the number of times the random walk returns to 0. Thus the first part of the random walk can be written as

N_0∑ i=0 Z_i. (2)

For an example see Figure 3, where the first part is 2 + 6 + 2 = 10 steps.

Considering the second part, define Z_{abs} to be the number of steps from the last visit to 0 until absorption, see Figure 3 where Z_{abs} = 4.

Adding the first and the second parts the total number of steps before absorption, N, can be written as N = N_0∑ i=0 Z_i + Z_{abs}. Using that the number of steps in the first and the second part are independent, the probability generating function of N fulfills E [ x^N ] = E [ xPN_{0i=0 Zi+Zabs} ]_{= E}[_xPN_{0i=0 Zi} ]_E[_{xZabs}]_{. (3)}

-

number of steps s t a t e - œ

first part second part -

                 œ

             -

   œ
                -
œ^{Z1 = 2 Z2 = 6 Z3 = 2 Zabs = 4}

                -

              œ -

                 œ

• • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

�8 �6 �4 �2 0 2 4

0 2 4 6 8 10 12 14

Figure 3: The parameters used are: p_0 = p_+ = p_− = 0.5, a = 4 and b = 3. Here N_0 = 3 and N = 14.

The first factor is considered in Section 2.1 and the second factor in Section 2.2.

2.1 Calculation of E � xPN_{0i=0 Zi} �

For a random walk starting at x introduce the random variables

τ^y_x = min{n ≥ 1 : S_n = y}, (4)

τ^{y,z}_x = min(τ^y_x , τ^z_x) (5)

and set

p_{abs} = P (τ^{a,−b}_0 < τ^0_0 ), (6)

q_{abs} = P (τ^0_0 < τ^{a,−b}_0 ). (7)

To derive the probability generating function of N it is not necessary to get an explicit expression for (6) and (7), but they are used later to derive P (S_N = a). Conditioning on the first step in the random walk and using the formula in Theorem 1 in [4], we get p_{abs} = p_0e^{(a−1)ζ+} sh(ζ_+) sh(aζ_+) + q_0e^{−(b−1)ζ−} sh(ζ_−) sh(bζ_−) q_{abs} = p_0e^{−ζ+} sh((a − 1)ζ_+)

sh(aζ_+)

+ q_0e^{ζ−} sh((b − 1)ζ_−) sh(bζ_−) where sh(·) = sinh(·) and ζ_± = ln √_{p±} q± . As the Z_i’s are independent identically distributed (Z_0 ≡ 0) and independent of N_0 we have E [ xPN_{0i=0 Zi} ]_{= E}[_E[_xPN_{0i=0 Zi |N0}]]_{= E}[_E[_{xZ1} ]_{N0} ]_{. (8)}

Every time the random walk is in state 0, it hits a border before hitting 0 with probability p_{abs} and vice versa with probability q_{abs}. Every try to reach a border is independent of the previous tries. This implies that N_0, the number of returns to 0, is geometrically distributed with parameter p_{abs}, i.e. P (N_0 = n) = q^n_{abs}p_{abs}, n ≥ 0, (9) and therefore E [ E [ x^{Z1} ]_{N0} ] = p_{abs} 1 − q_{abs}E[x^{Z1} ] . (10) Now E [ x^{Z1} ] = ∞∑ k=2 x^kP (Z_1 = k) = ∞∑ k=2 x^kP (τ^0_0 = k|τ^{a,−b}_0 > τ^0_0 )

= ∞∑ k=2 x^k P (τ^0_0 = k, τ^{a,−b}_0 > τ^0_0 ) P (τ^{a,−b}_0 > τ^0_0 ) = 1 q_{abs} ∞∑ k=2 x^kP (τ^0_0 = k, τ^{a,−b}_0 > τ^0_0 ),

and conditioning on the first step of the random walk

E [ x^{Z1} ] = 1 q_{abs} ∞∑ k=2 x^k ( P (τ^0_0 = k, τ^{a,−b}_0 > τ^0_0 |X_1 = 1)p_0 +

P (τ^0_0 = k, τ^{a,−b}_0 > τ^0_0 |X_1 = −1)q_0 )

= x q_{abs} ∞∑ k=1 x^k ( P (τ^0_1 = k, τ^a_1 > τ^0_1 )p_0 + P (τ^0_{−1} = k, τ^{−b}_{−1} > τ^0_{−1})q_0 ) . The first part of this sum, except for^{xp0}_{qabs} , is the probability generating function for the time it takes a simple random walk, which starts in 1 and have transition probabilities p_+ everywhere, to reach 0 before a. This is the same probability generating function as that of a simple random walk with start in 0 and borders −1 and a − 1, see Theorem 1 in [4]. Analogously the second part of the sum can be considered.

Thus with the notation used in [4], E [ x^{Z1} ] = x q_{abs} (U^+_1 (x)p_0 + U^−_{−1}(x)q_0)

= x ( p_0e^{−ζ+ sh((a−1)η+(x))}

sh(aη_+(x)) + q0e ζ− sh((b−1)η−(x)) sh(bη−(x)) ) q_{abs} (11)

where η_±(x) = arccosh

(_1 x √ 4p±q± ) . Substituting (11) into (10) gives E [ xPN_{0i=0 Zi} ]_{= pabs} 1 − x ( p_0e^{−ζ+ sh((a−1)η+(x))}

sh(aη_+(x)) + q0e ζ− sh((b−1)η^−(x)) sh(bη−(x)) ). (12)

2.2 Calculation of E � x^{Zabs} � The probability generating function of Z_{abs} is derived in a similar way as E [ x^{Z1} ] . By definition Z_{abs} is conditioned on being absorbed in either a or −b without passing 0. Split E [ x^{Zabs} ] into two cases: E [ x^{Zabs} ] = E [ x^{Zabs}I_{SN =a} ] + E [ x^{Zabs}I_{SN =−b} ] . Conditioning on the first step and using Theorem 1 in [4], we get

E [ x^{Zabs}I_{SN =a} ] = p_0xe^{(a−1)ζ+ sh(η+(x))}

sh(aη_+(x)) p_{abs} , (13)

E [ x^{Zabs} I_{SN =−b} ] = q_0xe^{−(b−1)ζ− sh(η−(x))} sh(bη−(x)) p_{abs} , and

E [ x^{Zabs} ] = x ( p_0e^{(a−1)ζ+ sh(η+(x))}

sh(aη_+(x)) + q0e −(b−1)ζ− sh(η−(x)) sh(bη−(x)) ) p_{abs} . (14)

2.3 The probability generating function of N Substituting (12) and (14) in (3) we get

E [ x^N ] = p_{abs} x (_{p0e(a−1)ζ+ sh(η+ (x))}

sh(aη+(x)) +q0 e −(b−1)ζ− sh(η−(x)) sh(bη−(x)) p_{abs} )

1 − x ( p_0e^{−ζ+ sh((a−1)η+(x))}

sh(aη_+(x)) + q0e ζ− sh((b−1)η^−(x)) sh(bη−(x)) )

= x ( p_0e^{(a−1)ζ+ sh(η+(x))}

sh(aη_+(x)) + q0e −(b−1)ζ− sh(η−(x)) sh(bη−(x)) ) 1 − x ( p_0e^{−ζ+ sh((a−1)η+(x))}

sh(aη_+(x)) + q0e ζ− sh((b−1)η^−(x)) sh(bη−(x)) ) which in principle gives the probability function for N by Taylor expansion. Closed form expressions for the probability function can be given in some special cases, for example when p_0 = p_+ = p_−, see below. For numerical values of a, b, p_0, p_+ and p_− it is easy to get the Taylor expansion with for example the computer program Maple. Some examples are given in Figure 5.

For p_0 = p_+ = p_− E [ x^N ] = e^{aζ}sh(bη(x)) + e^{−bζ} sh(aη(x)) sh((a + b)η(x)) is a rational function, which gives the expansion E [ x^N ] = a+b−1∑ k=1 1 x √ 4pq cos (_{kπ} a+b ) − 1 (−1)^k a + b sin ( kπ a + b ) 1 cos (_{kπ} a+b )

× ( e^{aζ} sin ( kbπ a + b ) + e^{−bζ} sin ( kaπ a + b ) )

= a+b−1∑ k=1 ∞∑ j=0 ( x √ 4pq cos ( kπ a + b ))j (−1)^{k+1} a + b sin ( kπ a + b ) 1 cos (_{kπ} a+b )

× ( e^{aζ} sin ( kbπ a + b ) + e^{−bζ} sin ( kaπ a + b ) ) , and therefore

P (N = j) = √ 4pq^j a + b a+b−1∑

k=1 (−1)^{k+1} sin ( kπ a + b ) cos^{j−1} ( kπ a + b )

× ( e^{aζ} sin ( kbπ a + b ) + e^{−bζ} sin ( kaπ a + b )) , (15)

Figure 4: The probability function of N with p = 0.7, a = 9 and b = 2 (the tail is cut off at 75).

see Figure 4 for an example. Formula (15) can be found in the book by Feller [7] (in a different form) and has a long history going back to Lagrange.

To get the probability of absorption in a, P (S_N = a), set x = 1 in (13):

E [ 1^{Zabs}I_{SN =a} ] = E[I_{SN =a}] = P (S_N = a) = p_0e^{(a−1)ζ+ sh(ζ+)}_{sh(aζ+)} p_{abs} = p_0p^{a−1}_+^{p+−q+}_pa_{+−q}a_+ p_0p^{a−1}_+^{p+−q+}_pa_{+−q}a_+ + q_0q^{b−1}_−^{p−−q−}_{pb−−qb−} . (16)

In Figure 6 P (S_N = a) is plotted for fixed values of a, b, p_0 and varying p_+, p_−.

3 First passage time for a continuous time Markov chain with independent exponentially distributed holding times

In Section 2 the holding times were all constant and equal to 1. Now we let the holding times be independent exponentially distributed with an intensity depending on which state the Markov chain, {S_t}_{t≥0}, is in. In Figure 7 is a realization of {S_t}_{t≥0} given.

If S_t is in state 0 let the holding time have intensity λ_0 + μ_0 :=^1_{l0} (or mean holding time l_0) with transition probabilities p_0 = λ_0l_0 and q_0 = μ_0l_0. Similarly if the chain is in a positive or a negative state let the intensity be λ_+ + μ_+ :=^1_{l+} respective λ_− + μ_− :=^1_{l−} with transition probabilities p_+ = λ_+l_+ and q_+ = μ_+l_+

(a) a = 3, b = 10, p0 = 0.5, p+ = 0.5, p− = 0.01

(b) a = 3, b = 4, p0 = 0.9, p+ = 0.5, p− = 0.5

(c) a = 4, b = 10, p0 = 0.5, p+ = 0.5, p− = 0.01

Figure 5: Example of the probability function of N. The tails are cut off.

(a) a = 4, b = 4, p0 = 0.5

(b) a = 3, b = 1, p0 = 0.9

(c) a = 6, b = 2, p0 = 0.95

Figure 6: Plot of P (S_N = a) for varying p_+ and p_−.

-

time s t a t e • • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

�4 �2 0 2 4

0 3 6 9 12

Figure 7: A realization of a continuous time Markov chain with state depending transition probabilities and borders a = 4 and b = −3 . The mean holding time is 0.25 if S_t is in a negative state and 1 otherwise. Note that the jump chain is the same as in Figure 2, it is just the holding times that are changed.

respective p_− = λ_−l_− and q_− = μ_−l_−, see Figure 8. Let H_i be the holding time between the i-1^{th} and the i^{th} jump, for i = 1, 2, . . . .

               -

6

time s t a t e 0 •�`@

@R

p_0 = λ_0l_0

q_0 = μ_0l_0

•�`@

@R

p_+ = λ_+l_+

q_+ = μ_+l_+

•�`@

@R

p_− = λ_−l_−

q_− = μ_−l_−

Figure 8: The transition probabilities for {S_t}_{t≥0}.

Let L be the time until hitting a border for the first time (L corresponds to N in Section 2)

L^{def}= inf{t : S_t = a or S_t = −b}.

Define L_i to be the length of the excursion between the i-1^{th} and the i^{th} return to 0, L_0 ≡ 0 (L_i corresponds to Z_i in Section 2). Let L_{abs} be the length of the last excursion from 0 to either a or −b (L_{abs} corresponds to Z_{abs} in Section 2). Let N_0

-

time s t a t e

         -
œ_{L1 = 4.8} -œ_{L2 = 0.8} -

           œ_{L3 = 5.0} -

                     œ_{Labs = 2.5}
                         -
œ_{L = 13.1}

• • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

�8 �6 �4 �2 0 2 4

0 3 6 9 12

Figure 9: Realization of a continuous time Markov chain with state depending transition probabilities and borders a = 4 and b = −3 . The parameters used are λ_0 = 0.5, μ_0 = 0.5, λ_+ = 0.5, μ_+ = 0.5, λ_− = 2 and μ_− = 2 .

be as before, (9). Now L can be expressed in terms of {L_i}_{i≥0}, L_{abs} and N_0 (see Figure 9):

L = N_0∑ i=0 L_i + L_{abs}. As in Section 2 we get by independence that the Laplace transform can be written E [ e^{−sL} ] = E [ e^{−s} P^{N0i=0 Li} ] E [ e^{−sLabs} ] = E [ E [ e^{−sL1} ]_{N0} ]( E [ e^{−sLabs} I_{{SL=a}} ] + E [ e^{−sLabs} I_{{SL=b}} ]) . (17)

By the same arguments as in Section 2 E [ E [ e^{−sL1} ]_{N0} ] = p_{abs} 1 − q_{abs}E [ e^{−sL1} ]. L_1 can be expressed in terms of H_k and Z_1 as

L_1 =

Z_1∑

k=1 H_k.

As the chain is conditioned on returning to 0 before visiting any of the borders a or −b we get by conditioning on the the first jump that E [ e^{−sL1} ] = E [ e^{−s} P^{Z1k=1 Hk} ] = 1 1 + sl_0 E [ e^{−s} P^{Z1k=2 Hk} ]

= 1 1 + sl_0 ( E [ e^{−s} P^{Z1k=2 Hk} |τ^1_0 < τ^{−1}_0 ] p_0 + E [ e^{−s} P^{Z1k=2 Hk} |τ^1_0 > τ^{−1}_0 ] q_0 )

= 1 1 + sl_0 ( E_1 [ e^{−s} P^{Z1k=2 Hk} ] p_0 + E_{−1} [ e^{−s} P^{Z1k=2 Hk} ] q_0 ) (18)

where the index on the expectations indicate where the process starts. In the first term of (18) all H_k are independent and have the same exponential distribution with mean l_+. We can use the same argument as in Section 2.1 to get

E_1 [ e^{−s} P^{Z1k=2 Hk} ] = e^{−ζ+ sh} (_{(a−1)η+}(_1 1+sl+ )) sh (_{aη+}(_1 1+sl+ )) q_{abs} , and

E_{−1} [ e^{−s} P^{Z1k=2 Hk} ] = e^{ζ− sh} (_{(b−1)η−}(_1 1+sl− )) sh (_{bη−}(_1 1+sl− )) q_{abs} . Thus

E [ e^{−sL1} ] = 1 1 + sl_0

(p_0e^{−ζ+ sh}

(_{(a−1)η+}(_1 1+sl+ )) sh (_{aη+}(_1 1+sl+ )) + q_0e^ζ−^{sh} (_{(b−1)η−}(_1 1+sl− )) sh (_{bη−}(_1 1+sl− )) q_{abs} ) . L_{abs} in the second part of (17) may also be expressed in terms of H_k: L_{abs} = Z_{abs}∑

k=1 H_{k+}PN_{0i=0 Zi} .

As before condition on the first step and use that H_k is exponential with mean l_+ and (13) in Section 2.2: E [ e^{−sLabs} I_{{SL=a}} ] = p_0e^{(a−1)ζ+} sh ( η_+

(_1

1+sl_+ )) (1 + sl_0)p_{abs}sh ( aη_+ (_1

1+sl_+

)) (19)

Figure 10: The probability function of N (bars) and the density of L (solid line) with p = 0.7, a = 9, b = 2 and l_0 = l_+ = l_− = 1 (the tails are cut off at 75). The areas under the dashed and the dotted lines corresponds to the probability to be absorbed in a respective −b.

and similarly E [ e^{−sLabs} I_{{SL=b}} ] = q_0e^{−(b−1)ζ−} sh ( η_− (_1 1+sl− )) (1 + sl_0)p_{abs}sh ( bη_− (_1 1+sl− )). Combining the formulas above gives the Laplace transform

E [ e^{−sL} ] = p_0 1+sl_0 e

(a−1)ζ_+ sh(χ+(sl+)) sh(aχ_+(sl_+)) + q_0 1+sl_0 e −(b−1)ζ− sh(χ−(sl−)) sh(bχ−(sl−)) 1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((a−1)χ+(sl+))}

sh(aχ_+(sl_+)) + q0e ζ− sh((b−1)χ^−(sl^−)) sh(bχ−(sl−)) ) (20)

where ζ_± = ln √_{p±} q± and χ_±(sl_±) = η_±

(_1 1+sl± ) = arccosh (_{1+sl±} √ 4p±q± ) . Analytical inversion of this complicated Laplace transform to get the distribution of L does not seem feasible. If the holding times are identically distributed it is possible to use the explicit formula for P (N = n) in Section 2.3 to derive the density of L without using the Laplace transform, see Figure 10. But if the holding times have different distributions this seems impossible. However there are several numerical methods to invert Laplace transforms. One by Abate and Whitt [2] is described in the Appendix. In Figure 11 some examples are given of the density of L where the inversion of the Laplace transform is done by this method.

Even though the holding times are different from the random walk case the probability of absorption at a is the same.

(a) a = 5, b = 10, p0 = 0.5, p+ = 0.9, p− = 0.1

(b) a = 3, b = 4, p0 = 0.9, p+ = 0.5, p− = 0.5

(c) a = 4, b = 10, p0 = 0.5, p+ = 0.5, p− = 0.01

Figure 11: The probability function of N (bars) and the density of L (solid line). The mean holding times are 1. The areas under the dashed and the dotted lines corresponds to the probability to be absorbed in a respective −b. The tails are cut off.

4 The limit of a scaled continuous Markov chain with sign depending stochastic holding times

If the jumps and the time are scaled appropriately, the continuous Markov chain tends to a limit. To obtain an appropriate scaling consider the process above the x-axis. Let {X_t}_{t≥0} and {Y_t}_{t≥0} be Poisson processes with intensity λ_+ respective μ_+. Then {X_t − Y_t}_{t≥0} is a birth and death process with intensity λ_+ to jump one step up and intensity μ_+ to jump one step down. This can be considered as the process above the x-axis. The scaled process {c(X_t − Y_t); t ≥ 0} has { E[c(X_t − Y_t)] = c(λ_+ − μ_+)t =^{c(p+−q+ )t}_{l+} := ν_+t Var(c(X_t − Y_t)) = c^2(λ_+ + μ_+)t =^{c2 t}_{l+} := σ^2_+t ,

i.e. with drift ν_+ and variance σ^2_+. The process below the x-axis can be considered similarly and we get

p_± =^1_2 ( 1 +^{cν±}_{σ2±} ) l_± =^{c2}_{σ2±} .

Theorem 4.1 Set sh(·) = sinh(·), ch(·) = cosh(·), ζ_± = ln √_{p±} q± and χ_±(sl_±) =

arccosh (_{1+sl±} √ 4p±q± ) . Let c → 0, l_± → 0, l_0 → 0, p_± →^1_2 , a, b → ∞ with fixed ν_±, σ^2_±,

c^2 l_0 > 0, ra = ac > 0, rb = bc > 0. Then

E [ e^{−sL} ] = p_0 1+sl_0 e

(a−1)ζ_+ sh(χ+(sl+)) sh(aχ_+(sl_+)) + q_0 1+sl_0 e −(b−1)ζ− sh(χ−(sl−)) sh(bχ−(sl−)) 1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((a−1)χ+(sl+))}

sh(aχ_+(sl_+)) + q0e ζ− sh((b−1)χ^−(sl^−)) sh(bχ−(sl−)) )

→ p_0^{αa(s) sh(αb(s))} ra e^{ε+} + q_0^{αb(s) sh(αa(s))}_{rb} e^{−ε−} p_0 sh(α_b(s))^{αa(s) ch(αa(s))+ε+ sh(αa(s))} ra + q_0 sh(α_a(s))^{αb(s) ch(αb(s))−ε− sh(αb(s))} r_b , where

α_a(s) := r_a σ_+ √ 2s + ν^2_+ σ^2_+ α_b(s) := r_b σ_− √ 2s + ν^2_− σ^2_− and ε_+ = r_a ν_+ σ^2_+ ε_− = r_b ν_− σ^2_− .

To prove Theorem 4.1 we need some limits.

Lemma 4.1 For fixed r_d, s > 0 and r_d = dc, as c → 0, χ(sl) = c σ √ 2s + s^2c^2 σ^2 + ν^2 σ^2

+ O(c^2) → 0, (i) ζ = cν σ^2

+ O(c^2) → 0, (ii)

dχ(sl) → r_d σ √ 2s + ν^2 σ^2

= α_d(s), (iii) dζ → r_dν σ^2

= ε. (iv)

Proof. The first limit, (i), is proved in [3] equation number (13). The second, (ii), is proved by Taylor expansion:

ζ = ln √ p q = 1 2 [ ln ( 1 2 ( 1 + cν σ^2 )) − ln (1 2 ( 1 − cν σ^2 ))]

= 1 2 [ cν σ^2

+ O(c^2) − ( − cν σ^2

+ O(c^2) )] = cν σ^2

+ O(c^2).

Using (i) and that r_d = cd, then as c → 0 dχ(sl) = r_d σ √ 2s + s^2c^2 σ^2 + ν^2 σ^2 + O(c) → r_d σ √ 2s + ν^2 σ^2 and (iii) is proved. Using (ii) and that r_d = cd, (iv) is proved: dζ = r_dν σ^2 + O(c) → r_dν σ^2 as c → 0. 2 Proof of Theorem 4.1. The Laplace transform of L can be arranged as

p_0 1+sl_0 e

(a−1)ζ_+ sh(χ+(sl+)) sh(aχ_+(sl_+)) + q_0 1+sl_0 e −(b−1)ζ− sh(χ−(sl−)) sh(bχ−(sl−)) 1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((a−1)χ+(sl+))}

sh(aχ_+(sl_+)) + q0e ζ− sh((b−1)χ^−(sl^−)) sh(bχ−(sl−)) )

= { p_0 1 + sl_0 e^{(a−1)ζ+} sh(χ_+(sl_+))sh(bχ_−(sl_−)) + q_0 1 + sl_0 e^{−(b−1)ζ−} sh(χ_−(sl_−))sh(aχ_+(sl_+)) } /{ p_0sh(bχ_−(sl_−)) ( sh(aχ_+(sl_+)) − e^{−ζ+} 1 + sl_0 sh((a − 1)χ_+(sl_+)) )

+ q_0sh(aχ_+(sl_+)) ( sh(bχ_−(sl_−)) − e^{ζ−} 1 + sl_0 sh((b − 1)χ_−(sl_−)) )} (21)

Both the numerator and the denominator in (21) tends to 0 when c → 0, therefore scale them by^1_c . Assume that l_0 → 0 of the same order as l_+ and l_−, i.e. l_0K = c^2 where K > 0 is some constant. Using (ii), (iii), (iv) and equation (16) in paper [3] the numerator divided by c tends to

p_0 α_a(s)sh(α_b(s)) r_a e^{ε+} + q_0 α_b(s)sh(α_a(s)) r_b e^{−ε−} as c → 0. (22)

Start with the expression inside the parents in the first term in the denominator in (21) divided by c and use the definition of sinh(·) then 1 c ( sh(aχ_+(sl_+)) − e^{−ζ+} 1 + sl_0 sh((a − 1)χ_+(sl_+)) )

= 1 2c ( e^{aχ+(sl+)} − e^{−aχ+ (sl+)} − e^{−ζ+} 1 + sl_0 ( e^{(a−1)χ+(sl+)} − e^{−(a−1)χ+(sl+)} ) )

= 1 2 ( e^{(a−1)χ+(sl+)} 1 c ( e^{χ+(sl+)} − e^{−ζ+} 1 + sl_0 ) +e^{−(a−1)χ+ (sl+)} 1 c ( e−ζ_+ 1 + sl_0 −e^{−χ+ (sl+)} ) ) . (23)

Use (i), (ii), (iii) and (iv) in Lemma 4.1 then the expression inside the parents in the first term in (23) divided by c becomes 1 c ( e^{χ+ (sl+)} − e^{−ζ+} 1 + sl_0 ) = 1 c ( 1 + χ_+(sl_+) + O(c^2) − 1 1 + sl_0

(1 − ζ_+ + O(c^2)) )

= aχ_+(sl_+) r_a + aζ_+ r_a(1 + sl_0) + 1 c s^{c2}_K 1 + s^{c2}_K + O(c) → α_a(s) r_a + ε_+ r_a + 0 + 0 = α_a(s) + ε_+ r_a as c → 0. (24)

Similarly the expression inside the parents in the second term in (23) divided by c becomes 1 c ( e^{−ζ+} 1 + sl_0 − e^{−χ+ (sl+)} ) = − 1 c ( e^{−χ+ (sl+)} − e^{−ζ+} 1 + sl_0 )

= − ( − aχ_+ (sl_+) r_a + aζ_+ r_a(1 + sl_0) + 1 c s^{c2}_K 1 + s^{c2}_K + O(c) )

→ − ( − α_a(s) r_a + ε_+ r_a + 0 + 0 ) = α_a(s) − ε_+ r_a as c → 0. (25)

Use (i) and (iii) in Lemma 4.1 and (24) and (25), then (23) tends to 1 2 ( e^{αa(s)} (α_a(s) + ε_+ r_a ) + e^{−αa(s)} (α_a(s) − ε_+ r_a ))

= α_a(s)ch(α_a(s)) + ε_+sh(α_a(s)) r_a (26)

as c → 0. Similarly the expression inside the parents in the second term in the denominator in (21) divided by c becomes 1 2c ( e^{(b−1)χ−(sl−)} ( e^{χ−(sl−)} − e^{ζ−} 1 + sl_0 ) + e^{−(b−1)χ−(sl−)} ( eζ_− 1 + sl_0 − e^{−χ−(sl−)} ))

→ 1 2 ( e^{αb(s)} (α_b(s) − ε_− r_b ) + e^{−αb(s)} (α_b(s) + ε_− r_b ))

= α_b(s)ch(α_b(s)) − ε_−sh(α_b(s)) r_b as c → 0. (27)

Hence the denominator in (21) divided by c tends to

p_0sh(α_b(s)) α_a(s)ch(α_a(s)) + ε_+sh(α_a(s)) r_a + q_0sh(α_a(s)) α_b(s)ch(α_b(s)) − ε_−sh(α_b(s)) r_b (28)

when c → 0. Finally the Laplace transform of L, (21), tends to (22) divided by (28): p_0^{αa(s)sh(αb(s))} ra e^{ε+} + q_0^{αb(s)sh(αa(s))}_{rb} e^{−ε−} p_0sh(α_b(s))^{αa(s)ch(αa(s))+ε+ sh(αa(s))} ra + q_0sh(α_a(s))^{αb(s)ch(αb(s))−ε−sh(αb(s))} r_b as c → 0. 2 An example of the convergence of the absorption time, L, to the limit distribution is given in Figure 12 and Figure 13 and the parameters used is given in Table 1 and Figure 13 and Table 2. The inversions of the Laplace transforms are done by the method described in the Appendix.

The probability that the limit process is absorbed in a can be derived from (16):

P (S_L = a) = p_0e^{(a−1)ζ+ sh(ζ+)}_{sh(aζ+)} p_0e^{(a−1)ζ+ sh(ζ+)}_{sh(aζ+)} + q_0e^{−(b−1)ζ− sh(ζ−)}_{sh(bζ−)} .

(a) c = 0.1

(b) c = 0.05

(c) c = 0.01

Figure 12: Example of the convergence of the absorption time L. The solid line is the limit density and the dashed line is the density for the absorption time of a scaled continuous time Markov chain. The parameters are given in Table 1.

(a) c = 1

(b) c = 0.5

(c) c = 0.1

Figure 13: Example of the convergence of the absorption time L. The solid line is the limit density and the dashed line is the density for the absorption time of a scaled continuous time Markov chain. The parameters are given in Table 2.

c l_+ l_− p_+ p_− Figure 0.10 0.04 0.04 0.90 0.10 12(a) 0.05 0.01 0.01 0.70 0.30 12(b) 0.01 0.0004 0.0004 0.54 0.46 12(c)

Table 1: Parameters: p_0 = 0.5, r_a = 2, r_b = 4, ν_+ = 2, ν_− = −2, σ^2_+ = σ^2_− = 0.25.

c l_+ l_− p_+ p_− Figure

1 1 1 0.5 0.5 13(a) 0.5 0.25 0.25 0.5 0.5 13(b) 0.1 0.01 0.01 0.5 0.5 13(c)

Table 2: Parameters: p_0 = 0.9, r_a = 5, r_b = 2, ν_+ = ν_− = 0, σ^2_+ = σ^2_− = 1.

We know from Lemma 4.1, (iv), that aζ_+ → ε_+ and bζ_− → ε_− as c → 0. Because both the denominator and the numerator tend to 0, we divide both by c then 1 c sh(ζ) = 1 2c (e^ζ − e^{−ζ} ) = e^{−ζ} 2c (e^{2ζ} − 1) = e^{−ζ} 2c (1 + 2ζ + O(c^2) − 1) = e^{−ζ} ( ν σ^2 + O(c)) → ν σ^2 as c → 0. This leads to

P (S_L = a) →

p_0ν+ e^{ε+} σ^2_+sh(ε+) p_0ν+ e^{ε+} σ^2_+ sh(ε+ ) + q_0ν−e^{−ε−} σ^2_−sh(ε−)

when c → 0 and the scaling in Theorem 4.1 is used. Three examples of the probability of absorption in r_a are given in Figure 14.

5 Extensions of first passage time

5.1 Time spent on the x-axis The time the continuous time Markov chain spends on the x-axis, in state 0, can be expressed as ∑_{N0} i=1 H_i + H_{abs} where all H_i and H_{abs} are independent exponentially distributed random variables with mean l_0. The Laplace transform for the time

(a) ra = rb = σ^2_+ = σ^2_− = 1, p0 = 0.5

(b) ra = rb = 1 = ν+ = 1, ν− = �4, p0 = 0.5

(c) ra = rb = σ^2_+ = σ^2_− = 1, ν− = �1

Figure 14: The probability to be absorbed in r_a.

-

number of steps s t a t e • • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ..... ..... .....

.....

.....

.....

.....

.....

.....

..... �2 0 2 4

0 2 4 6 8 10 12 14

Figure 15: The solid lines represents the time the Markov chain spends above the x-axis.

spent on the x-axis is E [ e^{−s} (PN_{0i=1 Hi+Habs}^)]_{= 1} 1 + sl_0 E [ e^{−s} P^{N0i=1 Hi} ] = 1 1 + sl_0 E [ E [ e^{−sH1} ]_{N0} ]

= 1 (1 + sl_0) p_{abs} ( 1 − q_{abs}E[e^{−sH1} ] ) = p_{abs} (1 + sl_0) ( 1 −^{qabs}_{1+sl0} ) = p_{abs} p_{abs} + sl_0 = 1 1 +^{sl0}_{pabs} Which is the Laplace transform for an exponentially distributed random variable with mean^{l0}_{pabs} .

5.2 Time spent above the x-axis

Let U_N denote the time the discrete Markov chain spends above the x-axis before absorption, see Figure 15, then E [ x^{UN} ] = E [ x PN_{0i=0(Zi−1)1Ai +(Zabs−1)1{SN =a}} ]_{(29)} where

1_{Ai} = { 1 if the i^{th} excursion path is above 0 0 otherwise.

By independence (29) can be written as E [ xPN_{0i=0 (Zi−1)1Ai} ]_E[_{x(Zabs−1)1{SN =a}} ]_{= E}[_E[_{x(Z1−1)1A1} ]_{N0} ]_E[_{x(Zabs−1)1{SN =a}} ]_.

From (11) and (14) E [ x^{(Z1−1)1A1} ] = E [ x^{(Z1−1)1{S1=1}} ] = p_0 q_{abs} e^{−ζ+} sh((a − 1)η_+(x)) sh(aη_+(x)) + q_0 q_{abs} e^{ζ−} sh((b − 1)ζ_−) sh(bζ_−) and E [ x^{(Zabs−1)1{S}N^{=a}} ] = p_0 p_{abs} e^{(a−1)ζ+} sh(η_+(x)) sh(aη_+(x)) + q_0 p_{abs} e^{−(b−1)ζ−} sh(ζ_−) sh(bζ_−)

and N_0 is geometrically distributed, see (9), hence

E [ x^{UN} ] = ∞∑ n=0 ( p_0e^{−ζ+} sh((a − 1)η_+(x)) sh(aη_+(x))

+ q_0e^{ζ−} sh((b − 1)ζ_−) sh(bζ_−) )_n

× p_{abs} ( p_0 p_{abs} e^{(a−1)ζ+} sh(η_+(x)) sh(aη_+(x)) + q_0 p_{abs} e^{−(b−1)ζ−} sh(ζ_−) sh(bζ_−) )

= p_0e^{(a−1)ζ+ sh(η+(x))}

sh(aη_+(x)) + q0e −(b−1)ζ− sh(ζ−) sh(bζ−) 1 − ( p_0e^{−ζ+ sh((a−1)η+(x))}

sh(aη_+(x)) + q0e ζ− sh((b−1)ζ^−) sh(bζ−) ). (30)

Let U denote the time the continuous time Markov chain spends above the x-axis before absorption then E [ e^{−sU} ] = E [ e^{−sU} 1_{{U =0}} ] + E [ e^{−sU} 1_{{U>0}} ] . The distribution consists of two parts, one continuous part and one point mass (when U = 0). As the holding times above 0 are independent exponentially distributed with mean l_+ then

U = U_N∑ i=0 H_i and E [ e^{−sU} ] = E [ e^{−s} P^{UNi=0 Hi} ] = E [ E [ e^{−sHi} ]_{UN} ] = E [ E [ 1 1 + sl_+ ]_{UN} ]

= p_0e^{(a−1)ζ+ sh(χ+(s))}

sh(aχ_+(s)) + q0e −(b−1)ζ− sh(ζ−) sh(bζ−) 1 − ( p_0e^{−ζ+ sh((a−1)χ+(s))}

sh(aχ_+(s)) + q0e ζ− sh((b−1)ζ^−) sh(bζ−) ) .

where the last equality comes from (30). For the point mass in 0 E [ e^{−sU} 1_{{U =0}} ] = P (U = 0) = P (U_N = 0) = P (S_i ≤ 0, ∀i ≤ N) = q_0e^{−(b−1)ζ− sh(ζ−)}_{sh(bζ−)} 1 − q_0e^{ζ− sh((b−1)ζ−)} sh(bζ−) hence

E [ e^{−sU} 1_{{U>0}} ] = p_0e^{(a−1)ζ+ sh(χ+(s))}

sh(aχ_+(s)) + q0e −(b−1)ζ− sh(ζ−) sh(bζ−) 1 − ( p_0e^{−ζ+ sh((a−1)χ+(s))}

sh(aχ_+(s)) + q0e ζ− sh((b−1)ζ^−) sh(bζ−) )

− q_0e^{−(b−1)ζ− sh(ζ−)}_{sh(bζ−)} 1 − q_0e^{ζ− sh((b−1)ζ−)} sh(bζ−) .

The continuous part is possible to invert by the method described in appendix. In Figure 16 are two examples given of the density of the time spent above the x-axis.

5.3 The time from the last visit to 0 until absorption

The continuous time Markov chain will behave in the same way until the point when it leaves the x-axis for the last time, see Figure 17, independent of whether the end point is a or −b. This Section investigates conditioned on the end point the time from when the process leaves the x-axis for the last time until absorption. We have that E [ e^{−s(Labs−H)}I_{SL=a} ] = E [ e^{−s(Labs−H)}I_{SL=a}|S_L = a ] P (S_L = a)

where H is the time spent on the x-axis the last time and it follows that

E [ e^{−s(Labs−H)}|S_L = a ] = E [ e^{−s(Labs−H)}I_{SL=a} ] P (S_L = a) = sh(χ_+(sl_+))sh(aζ_+) sh(aχ_+(sl_+))sh(ζ_+)

(31)

from (19) and (16). With the scaling in Section 4 as c tends to 0 (31) tends to

α_a(s)sh(ε_+) sh(α_a(s))ε_+ . We can use the inversion method described in the Appendix and get the density. This is done in Figure 18, the parameters used are given in Table 3.

(a) λ0 = μ0 = 1, λ+ = 0.4, μ+ = 0.6, λ− = 0.1, μ− = 0.9, a = 3 and b = 5

(b) λ0 = μ0 = 1, λ+ = 0.9, μ+ = 0.1, λ− = 0.6, μ− = 0.4, a = 5 and b = 3

Figure 16: The density for the time a continuous time Markov chain spends above the x-axis. The point mass in zero is the probability that the Markov chain never enters a positive state.

-

number of steps s t a t e

    -
œ

• • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

�4 �2 0 2 4

0 2 4 6 8 10 12 14

Figure 17: The time from when the process leaves the x-axis for the last time until

absorption.

r_a ν_+ σ^2_+ a p_+ c l_+ Figure

1 1 0.01^2 101 0.995 0.0099 9.8 ∗ 10^{−3} 18(a)

1 1 0.01^2 1000 0.55 0.001 1.0 ∗ 10^{−4} 18(b)

1 -1 1 5 0.4 0.2 4.0 ∗ 10^{−2} 18(c)

1 -1 1 20 0.475 0.05 2.5 ∗ 10^{−3} 18(d)

1 0 3^2 5 0.5 0.2 4.4 ∗ 10^{−3} 18(e)

1 0 3^2 100 0.5 0.01 1.1 ∗ 10^{−5} 18(f)

Table 3: Parameters in Figure 18.

(a) (b)

(c) (d)

(e) (f)

Figure 18: The density for the time when the process leaves the x-axis for the last time until absorption in a, conditioned on absorption in a. The solid line is the limit density and the dashed line represents the scaled continuous time Markov chain, the parameters used are given in Table 3.

-

time s t a t e - œ_{W � = 5.1 W � W � = 8.0} -

          œ
                         -
œ_{W = 13.1}

• • • • • • • • • • • • • • •

∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘ ∘

�6 �4 �2 0 2 4

0 3 6 9 12

Figure 19: Realization of a cover time with range m = 6 of a continuous time Markov chain with state depending transition probabilities. Here S_W = 4 and S_W ∗ = −2.

5.4 Cover time of range m

The cover time of range m is defined as

W^{def}= inf{t ≥ 0 : max_{0≤s≤t} S_s − min_{0≤s≤t} S_s = m}

i.e. the minimum time it takes for the random process {S_t}_{t≥0} to visit m different states, except 0. The endpoint, S_W , belongs to [−m, m] hence we consider E [ e^{−sW} ] = m∑ k=1 ( E [ e^{−sW} I_{SW =k} ] + E [ e^{−sW} I_{SW =−k} ]) . When the end point is given the process can be split into three disjoint independent parts. Let W^∗ be the first time the opposite endpoint is reached, i.e. |S_W −S_W ∗ | = m, see Figure 19, defined formally as

W^{∗ def}= inf{t ≥ 0 : S_t = sign(S_W )(|S_W | − m)}.

The first part lasts from the start to the time W^∗, the second part lasts from the time W^∗ until the first time the process hits 0 after W^∗ and the third part starts where the second part ends and ends where the process is stopped, see Figure 19. On each of these three parts the Laplace transform for the first passage time, (20), can be applied. For 1 ≤ k ≤ m − 1 E [ e^{−sW} I_{SW =k} ] = E [ e^{−sW ∗} e^{−s(W −W ∗ )}I_{SW =k} ]

= q_0 1+sl_0 e −(m−k−1)ζ− sh(χ−(s)) sh((m−k)χ−(s)) 1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((k−1)χ+(s))}

sh(kχ_+(s)) + q0e ζ− sh((m−k−1)χ^−(s)) sh((m−k)χ−(s)) )

× p− 1+sl− e (m−k−1)ζ− sh(χ−(s)) sh((m−k)χ−(s)) 1 −^{p−}_{1+sl−} e^{−ζ− sh((m−k−1)χ−(s))} sh((m−k)χ−(s)) × p_0 1+sl_0 e

(k−1)ζ_+ sh(χ+(s)) sh(kχ_+(s))

1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((k−1)χ+(s))}

sh(kχ_+(s)) + q0e ζ− sh((m−k)χ^−(s)) sh((m−k+1)χ−(s)) )

and similarly for −(m − 1) ≤ k ≤ −1. For k = m and k = −m it is enough to consider the third term: E [ e^{−sW} I_{SW =m} ] = p_0 1+sl_0 e

(m−1)ζ_+ sh(χ+(s)) sh(mχ_+ (s))

1 −^1_{1+sl0} p_0e^{−ζ+ sh((m−1)χ+(s))}

sh(mχ_+(s))

and similarly for k = −m. Adding the formulas above we get the Laplace transform for W : E [ e^{−sW} ] = m−1∑ k=1 q_0p_0 (1 + sl_0)^2 sh(χ_+(s))sh(χ_−(s))

× { q_+e^{−(k−1)ζ− sh(χ+(s))} sh^2((m−k)χ_+ (s))sh(kχ−(s))

1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((m−k−1)χ+(s))} sh((m−k)χ_+ (s)) + q0e ζ− sh((k−1)χ^−(s)) sh(kχ−(s)) )

× 1 1+sl_+

1 −^{q+}_{1+sl+} e^{ζ+ sh((m−k−1)χ+(s))}

sh((m−k)χ_+ (s)) × 1 1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((m−k)χ+(s))} sh((m−k+1)χ_+ (s)) + q0e ζ− sh((k−1)χ^−(s)) sh(kχ−(s)) )

+ p_−e^{(k−1)ζ+ sh(χ−(s))} sh^2((m−k)χ−(s))sh(kχ_+ (s))

1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((k−1)χ+(s))}

sh(kχ_+(s)) + q0e ζ− sh((m−k−1)χ^−(s)) sh((m−k)χ−(s)) )

× 1 1+sl− 1 −^{p−}_{1+sl−} e^{−ζ− sh((m−k−1)χ−(s))} sh((m−k)χ−(s)) × 1 1 −^1_{1+sl0} ( p_0e^{−ζ+ sh((k−1)χ+(s))}

sh(kχ_+ (s)) + q0e ζ− sh((m−k)χ^−(s)) sh((m−k+1)χ−(s)) ) }

+ p_0 1+sl_0 e

(m−1)ζ_+ sh(χ+(s)) sh(mχ_+(s))

1 −^1_{1+sl0} p_0e^{−ζ+ sh((m−1)χ+(s))}

sh(mχ_+ (s)) + q_0 1+sl_0 e −(m−1)ζ− sh(χ−(s)) sh(mχ−(s)) 1 −^1_{1+sl0} q_0e^{ζ− sh((m−1)χ−(s))} sh(mχ−(s)) .

This complicated Laplace transform can be inverted numerically by the method described in the Appendix. In Figure 20 three examples are plotted.

(a) p0 = 0.1, p+ = 0.9, p− = 0.9 and m = 4

(b) p0 = 0.5, p+ = 0.8, p− = 0.2 and m = 4

(c) p0 = 0.5, p+ = 0.2, p− = 0.8 and m = 5

Figure 20: The density of the cover time of range m for a continuous time Markov chain with state depending transition probabilities. The mean holding times are 1. The tails are cut off.

Appendix

In this paper we have used a method proposed by Abate and Whitt [2] called Euler’s method to invert Laplace transforms. In [2] Abate and Whitt presents two different methods for inverting Laplace transforms numerically. The first is called Euler’s method (because Euler summation is used) and the second is called Post-Widder (because it is based on a Theorem called Post-Widder Theorem). Euler’s method is a variant of the Fourier-series method [1] which was first proposed by Dubner and Abate in 1968 [5].

To invert the Laplace transform they use the inversion formula f(t) = 1 2πi ∫_{a+i∞} a−i∞ e^{st} ^f(s)ds = 1 2π ∫_∞ −∞ e^{(a+iu)t} ^f (a + iu)du = e^{at} 2π ∫_∞ −∞ (cos(ut) + i sin(ut)) ^f(a + iu)du = e^{at} 2π ∫_∞ −∞ [ℜ( ^f(a + iu)) cos(ut) − ℑ( ^f(a + iu)) sin(ut)]du = 2e^{at} π ∫_∞ 0 ℜ( ^f(a + iu)) cos(ut)du (32) where ^f(s) is the Laplace transform and a is any vertical line such that the Laplace transform has no singularities to the right of it. To approximate the integral, (32), numerically it is discretisized by the trapezoidal rule with step size h: f(t) ≈ f_h(t) ≡ he^{at} π ℜ( ^f(a)) + 2he^{at} π ∞∑ k=1 ℜ( ^f(a + ikh)) cos(kht)

let h =^π_{2t} and a =^A_{2t} then = e^{A/2} 2t ℜ ( ^f ( A 2t )) + e^{A/2} t ∞∑ k=1 (−1)^kℜ ( ^f (A + 2kπi 2t )) . (33)

The the trapezoidal rule causes a discretization error. To analyze the error the Poisson summation formula ( [6] page 111) is used. The essential idea is to replace the damped density, e^{−bt}f(t), with a periodic function, f_p(t), that can be represented by its Fourier-series i.e.

f_p(t) = ∞∑ k=−∞ e^{−b} (_{t+ 2πk} h ) f ( t + 2πk h ) = e^{−bt}f(t) + ∞∑ k=1 e^{−b} (_{t+ 2πk} h ) f ( t + 2πk h ) with period 2π/h. When h =^π_t and b =^A_{2t}

f(t) = e^{A2} f_p(t) − ∞∑ k=1 e^{−Ak} f(t(2k + 1)). (34)

The periodic function can be written as a complex Fourier-series

f_p(t) = ∞∑ k=−∞ c_ke^{ikht}

where c_k is the k^{th} Fourier coefficient of f_p(t) which turns out to be h 2π ^f(b + ikh) = 1 2t ^f (A + 2kπi 2t ) . Inserting the periodic function f_p(t) in (34) we get f(t) = e^{A/2} 2t ∞∑ k=−∞ (−1)^kℜ ( ^f ( A + 2kπi 2t )) − ∞∑ k=1 e^{−kA}f((2k + 1)t).

The first sum coincides with the approximation, (33), which yields that the last term is the discretization error. The error is small when A is large but if A is too large it will lead to computation difficulties because of the term e^{A/2}. The remaining problem is to calculate (33) numerically which contains an infinite sum. When ℜ ( ^ f (_{A+2kπi} 2t )) have a constant sign (33) will be an alternating sum. For alternating sums there are methods to accelerate the convergence, here Euler’s method ( [6] page 112) is used. Let s_n(t) be the truncated sum after n terms in (33) i.e.

s_n(t) = e^{A/2} 2t ℜ ( ^f ( A 2t )) + e^{A/2} t n∑ k=1 (−1)^kℜ ( ^f (A + 2kπi 2t )) . After the first n terms, apply Euler summation to m + 1 terms i.e. E(m, n, t) = m∑ k=0 ( m k ) s^{−m}s_{n+k} (t). Which yields f(t) ≈ s_n(t) + E(m, n, t).

References

[1] Abate, J. and Whitt, W. (1992) The Fourier-Series Method for Inverting Transforms of Probability Distributions. Queuing Systems 10, 5-88.

[2] Abate, J. and Whitt, W. (1995) Numerical Inversion of Laplace Transforms of Probability Distributions. ORSA Journal on Computing 7, 36-43.

[3] Carlsund, A. (2000) Cover times of a simple random walk with exponential holding times. Technical report, Royal Institute of Technology.

[4] Chong, K.S., Cowan, R. and Holst, L. (2000) The ruin problem and cover times of asymmetric random walks and Brownian motions. Adv. Appl. Prob. 32, 177-192.

[5] Dubner, H. and Abate, J. (1968) Numerical Inversion of Laplace Transforms by Relating Them to the Finite Cosine Transform. JACM 15, 115-123.

[6] Dym, H. and Mc Kean, H.P. (1972) Fourier Series and Integrals. Academic Press, New York.

[7] Feller, W. (1957) An Introduction to Probability Theory and Its Applications, Volume I. 2nd edn. Wiley, New York.